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Abstract
A conformal transformation of a static or stationary metric by a time dependent con-
formal scale factor S(τ)2 is one of the methods of producing a cosmological spacetime.
Using this knowledge and Brans-Dicke (BD) field equations, we investigate two time
dependent metrics including Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime
and cosmological Kerr-Newmann black hole, and we obtain solutions which allow dif-
ferent expansion rates for each geometries. These expansion rates depend on the matter
content of the untransformed parts of the geometry. From where, we obtain that an accel-
erated expansion of the universe can only arise from a vacuum energy and the BD scalar
field is the main factor causing this expansion.
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1 Introduction
Expansion of the universe was observed by Hubble in 1920’s and also it was discovered re-
cently that the universe is not only expanding but accelerating [1, 2]. This observational
evidence is coming from the type Ia Supernova exposition. Therefore, we understand that the
correct theory must be nonstatic in astrophysics and cosmology. To understand the structure
and behaviour of the universe, we use General Relativistic formulations and calculations as
a mathematical tool. Especially, gravitational interactions can be well described in General
Theory of Relativity. Moreover, on small scales, effects of gravity are not strong enough and
spacetime can be described as nearly flat and therefore General Relativity (GR) is well tested
in a small range especially at Solar system scale [3, 4, 5, 6, 7]. However, when we use GR
in cosmology at the large scale structures or at evolving universe in time, we need some new
phenomena which we have not understood and explained theoretically and observationaly yet,
for example, dark matter and dark energy [8, 9]. Also black holes are providing strong grav-
itational fields and there are large deviations from GR at large field strength [10, 11, 12, 13].
It means, for a more general theory of gravitation, we need to understand the strong gravita-
tional regimes and large scale structure of the universe [14, 15, 16]. Brans-Dicke scalar tensor
theory is a well known scenario of gravitational field [17, 18, 19, 20], and in general, it is
considered as an alternative to GR. In our sence, this is not an altenative to GR but more gen-
eral theory which can be also related with the f(R) theory [21, 22, 23], string theory [24, 25]
and Kaluza Klein theory [26, 27] in the appropriate limits. Also BD theory involves Mach’s
principle which says all of the matter in universe affects each other, hence a universe, filled
with a scalar field, might be a reasonable candidate for this interaction of the masses. There-
fore, motivated to find the solutions for an accurate cosmological model and also a theory for
highly gravitating cosmological environment, it might be convenient for us to study BD theory
of gravity.
In general, the cosmological expansion in time is defined by a time dependent scale factor
in front of the spatial part of the metric components such as FLRW metric. For more general
case we do not restrict ourselves with the FLRW case but we also include Kerr-Newmann
black holes. Using the method of conformal transformation by rescaling static or stationary
spacetime, we try to produce a cosmological model or an asymptotically non-flat cosmological
black hole. In this context, BD theory and conformal transformation of Kerr-Newmann black
holes also provide us to obtain inhomogeneities in the FLRW backgrounds. BD scalar tensor
theory adds the system a scalar degree of freedom which is represented by a scalar field φ.
Using this property we find a relation between the BD scalar field, conformal scale factor
S(τ) and stress energy tensor for the perfect fluid Tab. A similar work has been done by the
reference [28], in which the author obtained the equivalence of scalar field and perfect fluid
together with the V (φ) scalar potential.
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A stationary/static submanifold can be embedded in a cosmological background by a scale
factor of S(τ) as,
g˜ab = S(τ)
2gab. (1.1)
This expression is a conformal transformation of a metric tensor with a conformal factor
S(τ)2. The untransformed metric gab will be called as submanifold and choosen as static
or stationary spacetime and the transformed metric g˜ab will be named as cosmological back-
ground which describes a spacetime evolving in time. Depending on the properties of choosen
submanifold, this cosmological background may characterize a cosmological spacetime or a
dynamical object. All of the geometric quantities in this transformed cosmological frame will
be denoted by a tilde. In this work, we will first start with the vacuum case for untransformed
frame in which Gab = 0. Then we will consider other contents of matter sources such as
Gab = T
EM
ab or Gab = Tab for the more general case, where T
EM
ab is Maxwell stress energy
tensor.
The transformation rules (1.1) in GR frame requires Einstein tensor to be [29, 32],
R˜ab − 1
2
g˜abR˜ = Rab − 1
2
gabR− 3g˜ab ∇˜cS∇˜
cS
S2
− 2
S
(∇˜a∇˜bS − g˜ab˜S) (1.2)
This equation shows that even if there is no matter in the untilded submanifold (Rab− 12gabR =
0), under the conformal transformation (1.1), the transformed space-time geometry may con-
tain any form of matter which may responsible for the expansion of universe in time. We
suppose that the spacetime geometry g˜ab, obtained by the conformal transformation (1.1) of a
static or stationary spacetime belonging to GR vacuum solution, is a nonvacuum solution of
Brans-Dicke theory in the Jordan frame with a matter-energy content that will be discussed
below. Hence, we will use BD scalar tensor theory whose action in Jordan frame is given by
SBD =
∫
d4x
√
−g˜
{
φ˜R˜− ω g˜
ab
φ˜
∇˜aφ˜∇˜bφ˜− L˜m
}
, (1.3)
which includes matter Lagrangian L˜m. Here φ˜ is called as BD scalar field which might be a
function of time and spatial coordinates, ω is a free dimensionless BD parameter. The variation
of the BD action (1.3) with respect to g˜ab gives the field equations as,
R˜ab − 1
2
g˜abR˜− ω
φ˜2
(
∇˜aφ˜∇˜bφ˜− 1
2
g˜abg˜
cd∇˜cφ˜∇dφ˜
)
− 1
φ˜
(
∇˜a∇˜bφ˜− g˜ab˜φ˜
)
− 8pi
φ˜
T˜ab = 0 ,
(1.4)
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and variation with respect to φ˜ gives scalar field equation as,
˜φ˜ =
8pi
2ω + 3
T˜ . (1.5)
Using equations (1.2) and (1.4), we obtain the stress energy tensor in terms of scalar field and
scale factor as
8pi
φ˜
T˜ab = −3g˜ab ∇˜cS∇˜
cS
S2
− 2
S
(∇˜a∇˜bS − g˜ab˜S)− ω
φ˜2
(
∇˜aφ˜∇˜bφ˜− 1
2
g˜ab∇˜cφ˜∇φ˜
)
−1
φ˜
(
∇˜a∇˜bφ˜− g˜ab˜φ˜
)
. (1.6)
In BD theory, the matter part of Lagrangian L˜m is uncoupled with scalar field φ˜, which is a
major diference between BD and Jordan models. But as we see in (1.6), the stress energy
tensor of matter part seems to couple with scalar φ˜, however it is not a coupling, but a mix-
ing interaction between scalar field and metric tensor field. Therefore the weak equivalence
principle is still respected [34]. To see this interaction explicitly, we begin by assuming [35],
φ˜ = S(τ)α, (1.7)
which yields BD scalar field depends only on time [36]. Also, solution of field equations (1.6)
indicates that the relation between scalar field and conformal factor must be as in (1.7) and
the stress energy tensor for this system satisfies the perfect fluid description of matter as in
the references [37, 38]. Therefore, we can write the stress energy tensor for this cosmological
background as
T˜ab = T˜
(pf)
ab = (P˜ + ρ˜)u˜au˜b + g˜abP˜ . (1.8)
Here, note that, in the beginning we have described a static or a stationary sub-spacetime
which has a vanishing stress energy tensor, Tab = 0 and we obtain a perfect fluid universe by
conformally transforming with a time dependent scale factor S(τ)2. Moreover, our work is not
restricted with a static/stationary empty case, we can apply this procedures to other geometries
which have nonzero stress energy tensor. For example, if we have a submanifold with Tab 6= 0,
the conformal transformation g˜ab = S(τ)
2gab yields stress energy tensor to be
Tab
S2
, therefore
the total matter ingredient for this cosmological background is obtained as
T˜ab =
Tab
S(τ)2
+ T˜
(pf)
ab
=
Tab
S(τ)2
+ (P˜ + ρ˜)u˜au˜b + g˜abP˜ . (1.9)
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Now, we apply these transformation rules to some known geometries and obtain different
expansion rates for each spacetime generated by this method. Therefore, we shall see that the
vacuum energy provides the expansion of universe to be accelerated, and the matter content
causes it to be decelerated in time.
2 Friedmann-Lemaitre-Robertson-Walker cosmological so-
lution
FLRW line element is a well known cosmological metric and given by,
ds˜2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (2.10)
here t is a cosmological time and a(t) is the scale factor, k is the curvature parameter and dΩ2
is two sphere metric. If we rescale the cosmological time as dt = S(τ)dτ and reorganize the
metric suitably, we can write FLRW line element in the conformal form,
ds˜2 = S(τ)2ds2
= S(τ)2
[
−dτ 2 + dr
2
1− kr2 + r
2dΩ2
]
, (2.11)
by denoting τ as a conformal time and S(τ)2 as the conformal factor. The static part in square
bracket, which is called as submanifold, is transformed to the cosmological spacetime by a
time dependent conformal factor S(τ)2. The Ricci scalar of the cosmological background is
R˜ =
6
S2
[
k +
S¨
S2
]
, (2.12)
and the Ricci scalar of submanifold reads R = 6k, which will be vanished for k = 0, hence
we obtain a Minkowski line element which sembolizes the flat submanifold. The overdot
represents derivative with respect to conformal time τ . The BD solution for FLRW metric
has been explicitly given by [39, 40, 41]. Also the work [42] reviews all possible solutions
in this subject. Strictly speaking that, the main purpose of our work is not to obtain all the
solutions and repeat the literature but try to understand the effect of the scalar field for some
time dependent spacetimes with static or stationary submanifold and compare their expansion
rates in the subject of stress energy tensor for perfect fluid.
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Using the anzatz (1.7) and the equation (1.9) for stress energy tensor of matter, we solve
BD field equation (1.4) by means of the computer algebra and obtain energy density ρ˜ and
pressure p˜ as,
ρ˜ =
Sα−2
16pi
(
6k + (6 + 6α− ωα2) S˙
2
S2
)
, (2.13)
P˜ = −S
α−2
16pi
[
2k + ((2 + ω)α2 − 2) S˙
2
S2
+ 2(2 + α)
S¨
S
]
, (2.14)
respectively, where the four velocity vector has only time component as u˜a = {−S(τ), 0, 0, 0}.
The scalar field equation (1.5) and energy conservation equation ∇˜aT˜ pfab = 0 satisfy same
differential equation as
6k − ωα(2 + α) S˙
2
S2
+ 2(3− ωα) S¨
S
= 0. (2.15)
This is a key equation which defines the vacuum energy density and replies the question how
the flat subspace yields expansion of spacetime to be accelerated or how any type of content
of subspace reduces the expansion rate of the universe.
If k = 0; The untransformed submanifold has no curvature thus no matter in it, therefore
this flat submanifold yields conformal factor to be a power law,
S(τ) = S0 τ
2ωα−6
ωα(α+4)−6 . (2.16)
Therefore the empty submanifold is transformed to the cosmological vacuum era by a confor-
mal factor. If we rescale time parameter as S(τ)dτ = dt and rewrite scale factor and scalar
field in terms of cosmological time, we get
a(t) = a0 t
2ωα−6
ωα(α+6)−12 and φ˜(t) = a(t)α, (2.17)
where a0 is an integration constant. This values are consistent with our previous results [42].
Here note that if the power of τ , in (2.16), is equal to −1, the scale factor in (2.17) will be
an exponential function, hence we get de-Sitter spacetime, nevertheless this result is a very
special subcase of the solution presented in our work and we prefer to stay in the power law
solution as well. The other motivation to insist on this solution group is to keep the whole
paper into the same context. This means, we aim to compare the expansion rates of three
differently curved spacetimes and also the common feature of these geometries are that all of
them admit the power law expansion parameter simultaneously.
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Based on this setup the deceleration parameter which gives how the universe accelerates,
becomes
q = − a¨a
a˙2
=
ωα2 + 4α− 6
2ωα− 6 , (2.18)
which strongly depends on the relation between expansion paremeter and scalar field. α re-
mains as a free parameter and we can determine the value of α from cosmological observa-
tions. Depending on the value of α, we may have acceleration or deceleration.
If k 6= 0: This describes a submanifold has constant curvature which causes a nonzero
stress energy tesor. Hence the first term in the right side of (1.9) has some contribution to the
system. Physically, this means we are studying on a local system and this local system has
some massive content in it.
The solution of nonlinear differential equation (2.15) has the form of an exponential equa-
tion,
S(τ) = S0 e
±
(
6k
ωα2+4ωα−6
)1/2
τ
, (2.19)
and the rescaled expansion parameter becomes,
a(t) =
(
6k
ωα2 + 4ωα− 6
)1/2
t and φ˜(t) = a(t)α, (2.20)
which satisfies a linearly expanding spacetime and fits the result obtained in [42]. Here not
that, we choose plus sign for the consistency. This result can be interpreted as follows, the
matter content in untransformed submanifold prevents acceleration of spacetime or we can say
that the scalar field in curved region does not able to accelerate the expansion of spacetime.
On the other hand the vacuum submanifold which filled with a scalar field can speeding up
the expansion of spacetime. Namely a scalar field yields an accelerated expansion for the flat
submanifold, but it is not able to expand a spacetime filled with some pressure and energy.
This result might be applied to cosmology and interpreted as, a galactic systems does not
expand locally but vacuum parts of the universe is expanding much more and spreading apart
the galaxies from each other.
3 The Charged and Rotating Cosmological Black Hole So-
lution
In this part, using same ansatz in previous part, we search a cosmological black hole. A
cosmological black hole might be possible by embedding a static or stationary black hole in a
cosmological background. There are some similar cosmological black holes considered in the
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literature [43, 44, 45, 47, 48, 49]. More realistic black holes are axially symmetric ones which
have a mass and angular momentum. Althought it is not necessary to have charge for the
physically reasonable black holes, to get more general result we include the electrical charge
in this work. Therefore, we consider a Kerr-Newmann (KN) metric which will be transformed
into a spacetime varying in time with a time dependent conformal factor. This is because
observations show that the realistic black holes curve the spacetime around itself and also they
are dynamical objects and interact with their environment. From the previous part, we expect
that, these massive objects, so called curved stationary submanifolds, might decelerate the
expansion rate around itself or cause spacetime to be expanded linearly or there might be no
expansion at all.
The simplest way to embed a black hole in a cosmological framework is to multiply all
KN metric with a time dependent scale factor S(τ)2 [44]. Then the metric becomes,
d˜s
2
= S(τ)2 ds2KN (3.21)
= S(τ)2
[
−
(
1− 2Mr −Q
2
Σ
)
dτ 2 − 2a sin2 θ (2Mr −Q
2)
Σ
dτdϕ+ Σ
(dr2
∆
+ dθ2
)
+
(
a2 + r2 +
(2Mr −Q2)a2 sin2 θ
Σ
)
sin2 θdϕ2
]
which can also be written as,
d˜s
2
= S(τ)2
[
− dτ 2 + Σ
(dr2
∆
+ dθ2
)
+
2Mr −Q2
Σ
(−dτ + a sin2 θdϕ)2
+(a2 + r2) sin2 θdϕ2
]
(3.22)
where
Σ = r2 + a2 cos2 θ (3.23)
∆ = r2 + a2 +Q2 − 2Mr. (3.24)
Here for large radial distances, this geometry reduces to the spatially flat FLRW geometry as
well. For the systems with electromagnetic field, the Brans-Dicke action is given by
S˜BD =
∫
d4x
√
−g˜
{
φ˜R˜− ω g˜
ab
φ˜
∇˜aφ˜∇˜bφ˜− F˜ abF˜ab + L˜m
]
, (3.25)
where R˜ is Ricci scalar of overall cosmological metric, φ˜ is the BD scalar field and we suppose
that φ˜ = φ˜(τ), ω is BD parameter, F˜ ab is the Maxwell electromagnetic tensor and L˜m is the
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Lagrangian density for the matter part. The total stress energy tensor for this cosmological
background contains electromagnetic and perfect fluid contributions as
T˜ab = T˜
EM
ab + T˜
m
ab (3.26)
=
T EMab
S(τ)2
+ T˜ pfab . (3.27)
The Ricci scalar for this geometry becomes
R˜ =
6[∆Σ− (r2 + a2)(Q2 − 2mr)]
∆Σ
S¨
S3
= −6S¨
S
g00. (3.28)
Here the perfect fluid part has the usual form with ρ˜ energy density, P˜ momentum and u˜a
four velocity vector,
T˜
(pf)
ab =
(
P˜ + ρ˜
)
u˜a u˜b + P˜ g˜ab, (3.29)
where u˜a four vector in lower index has the components
u˜a = {−S(τ)
√
∆Σ
∆Σ− (r2 + a2)(Q2 − 2mr) , 0, 0, 0} = {−
1√|g˜ 00| , 0, 0, 0} (3.30)
and u˜a u˜
a = −1.
The nonzero components of energy momentum tensor for the matter part are
T˜ 00
(pf) = −ρ˜(τ, r, θ)
T˜ rr
(pf) = T˜ θθ
(pf) = T˜ ϕϕ
(pf) = P˜ (τ, r, θ)
T˜
ϕ
θ
(pf) =
2a(Q2 − 2Mr)(ρ˜+ P˜ )
∆Σ− (r2 + a2)(Q2 − 2Mr) . (3.31)
The electromagnetic stress energy momentum tensor is given by
T˜
(EM)
ab = 2(F˜acF˜bdg
cd − 1
4
F˜cdF˜
cdgab). (3.32)
Here the electromagnetic potential one form is,
Aa =
(
− Qr
Σ
, 0, 0,
Qra sin2 θ
Σ
), (3.33)
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and the electromagnetic field tensor is given by F˜ = dA or in component form, it is defined as
F˜ab = ∂aAb − ∂bAa. The nonzero components of electromagnetic energy momentum tensor
are
T˜ tt
(EM) = −T˜ ϕϕ (EM) =
2Q2[Σ− 2(r2 + a2)]
Σ3S4
,
T˜ tϕ
(EM) =
4aQ2(r2 + a2) sin2 θ
Σ3S4
,
T˜ rr
(EM) = T θθ
(EM) =
Q2
Σ2S4
,
T˜
ϕ
t
(EM) =
4aQ2
Σ3S4
, (3.34)
here note that the conservation of energy momentum tensor for the electromagnetic part,
∇˜aT˜ (EM)ab = 0 is already satisfied.
Substituting stress energy tensor (3.27) in the Brans-Dicke field equations (1.4) and using
computer algebra we get the scalar field as following,
φ˜(τ) = S(τ)−2, (3.35)
and energy density and pressure become,
ρ˜(τ, r, θ) = P˜ (τ, r, θ) = −
(2ω + 3)
(
∆Σ− (Q2 − 2Mr)(r2 + a2)
)
8pi∆Σ
S˙2
S6
, (3.36)
which requires ω < −3
2
or ∆Σ < (Q2 − 2Mr)(r2 + a2) to satisfy positive energy density.
In the works [44, 45], the energy density becomes negative for the cosmological black hole
geometries generated in this way. Here, a possibility to have a positive energy density exists
for the above choice of the parameters of the solution. Therefore, using a straigtforward con-
formal transformation, in BD theory, we embeded a Kerr-Newman black hole in an expanding
universe filled with a perfect fluid. The equation of state, ρ˜ = P˜ is known as Zeldovich’s
fluid model and is used in general relativity to obtain the stellar and cosmological models for
ultrahigh dense matter.
Now we must satisfy the scalar field equation (1.5),
˜φ− 8pi
2ω + 3
T˜ (m) =
2(2ω + 3)
(
∆Σ− (Q2 − 2Mr)(r2 + a2)
)
∆Σ
S¨
S5
= 0 ,
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This equation restricts the scale factor S(τ) to be linearly depend on time as,
S(τ) = S0 τ. (3.37)
This value of scale factor also satisfies the conservation of energy momentum tensor for the
matter part and given by,
∇˜aT˜ (pf)ab = 0. (3.38)
Therefore all of the field equations are satisfied and the line element becomes in the folow-
ing form,
ds2 = S0
2τ 2
[
−
(
1− 2Mr −Q
2
Σ
)
dτ 2 − 2a sin2 θ (2Mr −Q
2)
Σ
dτdϕ+ Σ
(dr2
∆
+ dθ2
)
+
(
a2 + r2 +
(2Mr −Q2)a2 sin2 θ
Σ
)
sin2 θdϕ2
]
. (3.39)
To analyse the singularity structure of this spacetime, since Ricci scalar (3.28) is zero we can
look for the square of Riemann tensor
R˜abcdR˜
abcd =
f(r, θ)
τ 8∆2Σ4
, (3.40)
where the function, f(r, θ) in the numerator is an r and θ dependent complicated function and
we don’t need to write to determine singularity of the geometry. This geometry posesses three
singular points namely the initial big bang type singularity at t = 0 , the ring singularity of
Kerr-Newman solution at Σ = 0, and also the horizon singularity at ∆ = 0, which we will
not discuss in this work. If we rescale the conformal time, we get the metric (3.39) in the
cosmological frame as
ds2 = −
(
1− 2Mr −Q
2
Σ
)
dt2 + t
[
− 2a sin2 θ (2Mr −Q
2)√
tΣ
dtdϕ+ Σ
(dr2
∆
+ dθ2
)
+
(
a2 + r2 +
(2Mr −Q2)a2 sin2 θ
Σ
)
sin2 θdϕ2
]
. (3.41)
Here the scale factor gives a(t) =
√
t, hence decelerating parameter becomes q = 1 > 0
(where the integration constants are chosen to be unity as a convenience). This result shows
that spacetime around a charged rotating object with massM and angular momentum a is not
accelerating but decelerating as we expect. The scalar field in this curved submanifold does
not yield the expansion to be accelerated.
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4 Conclusion
In this work, we have tried to explain how vacuum energy provides the expansion of universe
to be accelerated in time and how the matter content of spacetime causes universe to be de-
celerated. Using the rules for conformal transformation of a metric, we get some different
cosmological backgrounds in BD theory from the several static or stationary submanifolds in
GR. One of these submanifolds is choosen as Minkowskian spacetime, one has a constant cur-
vature and the other has a massive content in it. The conformal factor has been chosen as time
dependent function and Brans-Dicke scalar field is directly related with this conformal factor
as φ˜ = Sα. Depending on the matter in untransformed spacetime we get different expansion
rates of each spacetime, hence we get different scalar field for each scenarios. We conclude
that the BD scalar field yields an accelerated expansion for the empty submanifold, but it is
diffucult to expand a spacetime which is filled with some pressure and energy. Therefore,
the scalar field becomes responsible to expansion in vacuum, on the other hand, the gravi-
tational sector prevents the expansion of spacetime locally even if there is some scalar field
exists around the massive content. Cosmologicaly, the effect of scalar field can be explained
as following: If a spacetime has some massive content in it, this spacetime is not expanded in
time so fast, nevertheless, an empty spacetime can be transformed in time and expanded faster
which might be interpreted as the effect of dark energy on the cosmological scale. In sum-
mary, the spacetime filled with vacuum energy can be arised only from an empty spacetime
and the expansion rate of this spacetime has a close relation with the BD scalar field in the
universe.
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